In this paper we prove existence and L1 stability of travelling waves for a class of second-order nonlinear parabolic equations in divergence form. As a consequence of the previous result, we get stability in the L°° norm of travelling waves for a class of fully nonlinear second-order equations.
Introduction.
In this paper we investigate the asymptotic stability of travelling wave solutions to the equation Concerning results in the L1 norm, the first one was obtained by Osher and Ralston [OR82] . Imposing the restriction that the initial data is a perturbation of the travelling wave that does not exceed its profile, they proved that the corresponding solution of the viscous conservation law converges in the L1 norm to the travelling wave as t -> +00. The proof is based on the semigroup properties of the equation. The same result was later proved by Serre [Ser99] in generalized form.
In [FS98] the restriction on the perturbation of the initial data made in [OR82] was removed. The key step here is to prove the stability in the case of a constant travelling wave. Then this result, together with the semigroup properties of the equation, allows us to control the behaviour of the part of the initial data exceeding the profile of the travelling wave.
Recently, using a similar technique, some stability results for a system of conservation laws coming from relaxation have been obtained in [MN96, Ser98] .
The aim of this paper is to extend the result of [OR82] , [FS98] to the case of Eq. (1.1).
We will adopt the technique used in [Ser99, FS98] .
We first prove existence of a travelling wave solution to (1.1), making use of conditions analogous to the Rankine-Hugoniot condition and the Oleinik entropy condition for scalar conservation laws. Then (Sec. 2) we prove stability of the asymptotic profile under the Osher and Ralston condition on the initial data. The final step is to remove the restriction on the initial data and this will be done in Sec. 3. In this part a crucial role is played by hypothesis (H2), which allows us to control the nonlinear second-order term.
In Sec. 4, employing the well-known relation between conservation laws and HamiltonJacobi equations, we show that the L1 stability of travelling waves for conservation laws is translated into L°° stability of travelling waves for fully nonlinear equations of the type Ut -I-F{ux^uxx^ -0.
In the appendix we prove a lemma that allows us to control the number of zeros of a solution of Eq. (1.1).
Stability
under Osher-Ralston assumption. Equation (1.1) generates a semigroup as in the case of viscous conservation laws. For an initial data vq(x) we denote by S(t)vo(x) the solution to (1.1) at time t. Then {5(<): L°°(IR) -> L°°(M.);t > 0} is a semigroup satisfying the following properties:
(PI) (Regularity). If vo £ L°°(R), then S(t)v,o(x) is regular for all t > 0.
(P2) (Comparison). If vq < uq a.e., then S(t)vo < S(t)uo a.e. for all t > 0.
and f*™{S(t)v0 -S{t)u0}dx = J*™{v0 -u0}dx. (P4) (Contraction). If v0 -u0 e LJ(R), then ||S(t)v0 -^(^uoIIl^r) < ||v0 -"olli^R) for all t > 0. Proof. We look for a solution of (1.1) in the form v{x,t) = ip{x -st). Then we get the ordinary differential equation for the function <p, -sip' + F(ip,<p')' = 0.
Integrating the previous equation between -oo and x, we obtain -sip + F(<p, tp') = q, (2 Let v be the solution of (1.1) with an initial data vq that does not exceed the profile of the travelling wave. We will show that the w-limit set of v(x, t) is attractive in L1 and reduces to a single element that is a translation of the travelling wave. v+ -vP roof. We assume that s = 0, i.e., ip(x,t) = <p(x), since we can always reduce to this case by changing variables.
We first observe (see Lemma 2.4) that it is not restrictive to assume the initial data to be in between two translations of the travelling wave, i.e., ip{x + a) < Vo(x) < <p(x + /3) for all x £ R for some a, f3 £ R.
Hence, the comparison property (P2) implies ip(x + a) < v(x, t) < ip(x + (3) for all i£R, t > 0.
is uniformly bounded for any t > 0. Moreover, by the contraction property (P4), it follows that
Therefore {w(-,t)}t>0 is also equicontinuous in L1 and the Riesz-Frechet-Kolmogorov theorem [Bre83] implies that it is relatively compact in Denote by Bs the set of accumulation points of {u>(-, t)}t>s-By compactness, Bs is not empty and, since a=<p(x)+pi bs s> 0
is the intersection of a decreasing family of not empty compact sets, it is not empty. The set A is invariant under the semigroup S, since if a £ A, then a = limn^+00 v(tn) implies that S(t)a = limn^+00 S(t)v(tn) = limn_+00 v(t + tn) e A. Finally, the semigroup S is surjective on A and, by the regularity property (PI), the elements of A are regular functions.
For any k G K fixed, the function
is decreasing because of (P4). Therefore, it admits a limit c{k) for t -^ +oo. Take a £ A and let {tn} be such that
Then (2.8) and (2.9) imply IK') -¥>(' -fc)||Li(R) = c{k). (2.10)
We claim that a(xo) = <p(xo -k) implies a'(xo) = <p'{xq -k).
(2-11)
Assume that the claim is true. Let k(x) be a function such that a(x) = ip(x -k(x)) for any i£l.
Since f is strictly decreasing and smooth and a(x) is smooth, then k(x) is well defined and smooth. By construction, a(x) = <p(x -k(x)) and by (2.11), we have
Then fc'(x) = 0 for any and therefore a(x) = tp(x -k),
i.e., the attractor reduces to {<£>(x -k)}. The final step is to show that k = -6 with 6 given by (2. where 6 is given as in (2.7).
We start stating a lemma that allows us to control the number of zeros of a solution of (1.1) and whose proof will be given in the Appendix. We denote with the number of elements of ft.
Lemma 3.2. Assume that vo{x) e C1(M) has only a finite number of zeros, say M, where it changes sign. If v(x,t) is a solution of (1.1) with initial data Vq, then the number of zeros of v(x ,t) where it changes sign is bounded by 2M for any t > 0.
Following [FS98] , we first prove Theorem 3.1 in the case of a constant state wave; namely, we suppose that the travelling wave <p is a constant function c (without loss of generality, we assume that c = 0). Multiplying by v, integrating with respect to x, and using the assumption (HI), we obtain In the case of the viscous scalar conservation law, the proof that Theorem 3.1 follows from Theorem 2.3 and Theorem 3.3 is purely based on the semigroup properties satisfied by the equation. Since the same properties are satisfied by Eq. (1.1), the proof in [FS98] also applies to our case and we refer to it for the details. Other examples can be found in [Don91] , In this section, we will exploit the fact that if u is a solution of (4.1), then v -ux is a solution of (1.1) to get stability results for perturbation of travelling waves of (4.1).
A function $(x,t) = $(x -st) that satisfies Eq. (4.1) is said to be a travelling wave for (4.1). The following proposition gives the existence of travelling wave solutions to (4.1). where So denotes the usual Dirac unit mass. We first quote the following lemma from [Mar96] .
Lemma 5.1. Let / £ C1(E) be such that df~\0) = {ai,..., ajv}.
Denote by Af = (/')_1(0) and assume that
Cl(IntJS0na/-1(0) = 0. 
